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Abstract 

Equip tiie edges of tiie lattice I? with i.i.d. random capacities. A law of large numbers 
is known for the maximal flow crossing a rectangle in when the side lengths of the 
\ rectangle go to infinity. We prove that the lower large deviations are of surface order, 

■ and we prove the corresponding large deviation princi ple from below. Thi s extends and 
improves previous large deviations results of iGrimmett and KestenI l|l984ll obtained for 

■ boxes of particular orientation. 
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X ' 1 Introduction 



Imagine each edge of I? is a microscopic pipe some fluid can go through. To each edge e, we 
attach a random capacity t{e) and suppose that all these random variables are independent 
and identically distributed with common distribution function F on ]R+. Now, we take a large 
rectangle i? in M^, decide that one side is the "left side", and accordingly name the other sides 
the right side, the top and the bottom of R. We are concerned with the maximal flow rate that 
can cross R from the top to the bottom, while never exceeding the capacities of the edges (see 
section [2?2] for a formal definition). Informally, we ask: how does the maximal flow between the 
to p and the bottom beha v e whe n R gets larger and larger ? This question was first considered 



Grimmett and Kesten ( 19841 ). where a law of large numbers and large deviation estimates 



m 

where proved, but only for "straight" rectangles i2, i.e. with sides parallel to the coordinate 
axes. Let us mention that lower large deviations are of surface order, i.e. of the order of 
the width of R whereas upper large deviations are of volume order, i.e. of the order of the 
area of R. In a pre vious work, Rossignol and Theret ( 2009al ). the authors extended the law 



of large numbers of Grimmett and Kesten (jl984l ) to rectangles R with arbitrary orientation. 



The purpose of this article is to give a corresponding lower large deviation principle. 
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We shall precise now our contribution. Let us notice that the problem of maximal flow 
has been studied in t he more general case of the lattic e TL^ , being then some box in M"^, first 
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any case, it is much simpler to study a subadditive version of the maximal flow, which we 
shall call r in section [2^ below. Then, when R is straight (i.e. has faces parallel to coordinate 
hyperplanes), one can pass from r to the maximal flow thanks to symmetry considerations. 
When d > 3, results concerning R such as large deviations estimates or laws of large numbers 
and t hat do not suppos e that R i s straight (or even that it is a b ox) are known from the r ecent 
works ICerf and Theretl (l2nn9al ). ICerf and Theretl (l2nn9bl ) and ICerf and Theretl (l2nn9d ). but 
they require a lot of geometric work, need strong moment hypotheses, have not yet provided 
large deviation principles and in any case are much more involved than what is expected to be 
necessary in two dimensions to treat the simple case of rectangles. Indeed, in two dimensions, 
duality considerations are of gr eat help to prove a law of la rge numbers and a lower large 
deviation principle. The aim of iR.ossignol and There j (l2nn9al ) was thus to derive in a simple 
way the law of large numbers for the maximal flow from the top to the bottom through a 
rectangle R. The aim of the present article is to use the same constructions to derive in a 
simple way the lower large deviation principle of the maximal flow. A similar, simple proof in 
dimension d > 3 remains to be found. 

The precise definitions and notations, the relevant background as well as the main results 
are presented in section[2l Then, the main construction and the lower large deviation estimates 
are the purpose of section [Sj while section [4] contains the proof of the large deviation principle 
itself. 



2 Notations, background and main results 

The most important notations are gathered in sections 12.11 to 12.31 the relevant background is 
described in section YTM while our main results are stated in section [231 We discuss in section 
12.61 the different hypotheses appearing in our results. 

2.1 Maximal flow on a graph 

First, let us define the notion of a flow on a finite unoriented graph G = {V,S) with set of 
vertices V and set of edges £. Let t = {t{e))e£e be a collection of non-negative real numbers, 
which are called capacities. It means that t{e) is the maximal amount of fluid that can go 
through the edge e per unit of time. To each edge e, one may associate two oriented edges, 
and we shall denote by £ the set of all these oriented edges. Let A and Z be two finite, 
disjoint, non-empty sets of vertices of G: A denotes the source of the network, and Z the 
sink. A function on <5 is called a fiow from A to Z with strength \\6\\ and capacities t if it 
is antisymmetric, i.e. 9^ = —Oy^, if it satisfies the node law at each vertex x oi V \ {Au Z): 

where y ~ x means that y and x are neighbours on G, if it satisfies the capacity constraints: 

Ve G £, \e{e)\ < t{e) , 
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and if the "flow in" at A and the "flow out" at Z equal 116*11: 

The maximal flow from A to Z, denoted by (j)t{G,A,Z), is deflned as the maximum strength 
of all flows from A to Z with capacities t. We shall in general omit t he subscr i pt t w hen 
it is understood from the context. The max-flow min-cut theorem (see iBollobasI (HqT^) for 



instance) asserts that the maximal flow from A to Z equals the minimal capacity of a cut 
between A and Z. Precisely, let us say that -B C <5 is a cut between A and Z in G if every 
path from Ato Z borrows at least one edge of E. Define V{E) = X^geE ^(^) ^le the capacity 
of a cut E. Then, 

(l)t{G,A, Z) = m.in{V{E) s.t. -E is a cut between A and Z in G} . (1) 



2.2 On the square lattice 

We shall always consider G as a piece of Z^. More precisely, we consider the graph L = (Z^, E^) 
having for vertices Z^ and for edges E^, the set of pairs of nearest neighbours for the standard 
norm. The notation {x,y) corresponds to the edge with endpoints x and y. To each edge 
e in E^ we associate a random variable t(e) with values in M^. We suppose that the family 
{t{e),e € E^) is independent and identically distributed, with a common distribution function 
F. More formally, we take the product measure P = on O = riesE^ [0> and we write 
its expectation E. If G is a subgraph of L, and A and Z are two subsets of vertices of G, 
we shall denote by (l>{G, A, Z) the maximal flow in G from A to Z, where G is equipped with 
capacities t. When S is a subset of M^, and A and Z are subsets of Z^ n S, we shall denote 
by (j){B, A, Z) again the maximal flow 4>{G, A, Z) where G is the induced subgraph of Z^ with 
set of vertices I? n B. 

We denote by e i (resp. 62) the vector (1,0) G M? (resp. (0,1)). Let A be a non- 
empty line segment in R^. We shall denote by 1{A) its (Euclidean) length. All line segments 
will be supposed to be closed in M?. We denote by v{6) the vector of unit Euclidean norm 
orthogonal to hyp(74), the hyperplane spanned by A, and such that there is G [0,7r[ such 
that v{9) = (cos 6*, sin 0). Deflne v-^{6) = (sin 0, — cos 0) and denote by a and b the end-points 
of A such that {b — a).v-^{6) > 0. For h a positive real number, we denote by cyl{A,h) the 
cylinder of basis A and height 2h, i.e., the set 

cyl(^, h) = {x + tv{0) I X G ^ , t G [-h, h]] . 

We deflne also the r -neighbourhood V{H,r) of a subset H ofW^ as 

V(if, r) = {x G M'^ I d(x, H) <r], 

where the distance is the Euclidean one {d{x,H) = inf{||x — ?/||2 1 2/ S H}). 

Now, we deflne D{A, h) the set of admissible boundary conditions on cyl(yl, h) (see Figure 

D{A, h) = \{k,e)\ke [0, 1] and 6 G 



2hk\ ^ (2h{l-k) 
& — arctan , p + arctan 



UiA) r V i{A) 
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Figure 1: An admissible boundary condition {k,6). 



The meaning of an element k = {k, 6) of D{A, h) is the following. We define 

v{9) = (cos 6*, sin 0) and ^^{&) = (sin6', — cos ^) . 

In cy\{nA,h{n)), we may define two points c and d such that c is "at height 2kh on the left 
side of cyl(^, /i)", and d is "on the right side of cyl(A, /i)" by 

c = a + {2k — l)hv{9) , {d — c) is orthogonal to v{6) and d satisfies cd ■ v'^{9) > . 

Then we see that D{A, h) is exactly the set of parameters so that c and d remain "on the sides 
of cyl(^, hf. 

We define also V{A,h)^ the set of angles 9 such that there is an admissible boundary 
condition with angle 9: 



V{A,h) 



9 — arctan ,, ., \ ,9 + arctan 

U{A)J' \1{A)J 



It will be useful to define the left side (resp. right side) ofcyl{A, h): let left(^) (resp. right(^)) 
be the set of vertices in cyl(^, h)<~^I? such that there exists y ^ cyl(^, /i), {x, y) G E*^ and [x, y[, 
the segment that includes x and excludes y, intersects a+ [— /i, h].v{9) (resp. h+ [— /i, h].v{9)). 
Now, the set cyl(A, h) \ (c + M(d — c)) has two connected components, which we denote by 

Ci{A, h,k, 9) and C2{A,h,k, 9). For i = 1, 2, let ' ' be the set of the points in Cj (A, /i, A:, 0)n 
which have a nearest neighbour in \ cyl(A, h): 

j^h,k,e ^ {x (ECi{A,h,k,9)nZ'^\3y \cyl{A,h), ||x-y||i = l}. 

We define the flow in cyl(A, h) constrained by the boundary condition k = {k, 9) as: 



<t>%A,h) ■.= ct>{cy\{A,h),Al^''\A 
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A special role is played by the condition k, = (1/2, 6), and we shall denote: 

T{A,h)=T{cy\{A,h),m) ■■=<t>^'/'''HAh) . 
Let T{A,h) (respectively B{A,h)) be the top (respectively the bottom) of cyl{A,h), i.e., 
T{A, h) = {x e cyl(A, h)\3y ^ cyl{A, h) , (x, y) G E'^ and (x, y) intersects A + hv{9)] 
and 

B{A, h) = {x e cy\{A, h)\3y ^ cyl(A, h) , {x, y) G E"' and (x, y) intersects A - hv{9)] . 
We shall denote the flow in cyl(j4, h) from the top to the bottom as: 

<A(A, h) = 0(cyl(A, h),v{e)) = <^(cyl(^, h),T{A, h), B{A, h)) . 



2.3 Duality 

The main reason why dimension 2 is easier to deal with than dimension d > 3 is duality. 
Planar duality implies that there are only O(h^) admissible boundary co nditions on cyl(A, h), 
as shows the following lemma taken from Rossignol and Theret ( 2009al ). 

Lemma 2.1. Let A be any line segment in and h a positive real number. Then, 

(p{A,h) = min (j)'^{A,h) . 

KeD{A,h) 

Notice that the condition k belongs to the non-countable set D{A,h), but the graph is 
discrete so (p'^^A, h) takes only a finite number of values when k G D[A, h). Precisely, there is 
a finite subset D{A, h) of D{A^ h), such that: 

card(Z)(A, h)) < dh^ , (2) 

for some universal constant C4, and: 

(t){A,h) = min (t)''{A,h) . 

K€D{A,h) 

2.4 Background 

We gather in this section known results concerning the behaviour of the variables T{nA, h{n)) 
and (j){nA, h{n)) when n and h{n) go to infinity. They are of two types. We present first 
the law of large numbers satisfied by both variables. Then we describe the large deviation 
principle from below proved for r(nyl, h{n)). The purpose of this article is to extend the study 
of lower large deviations to the variable (/)(n^, h{n)). 

We gather the main hypotheses that we shall do on F and on the height h. Notice that 
(F5) ^ (F4) ^ (F3) ^ (F2) and (H3) ^ (HI). 



Hypotheses on F 


Hypotheses on h 


(Fl) F{Q)<l-p,{d) 

(F2) X dF{x) < 00 

(F3) x2 dF{x) < 00 

(F4) 37 > 0, dF{x) < 00 

(F5) V7 > 0, e^^ dF{x) < 00 


(HI) lim^^oo /i(?^) = +00 

(H2) lim™'°^;^"^=0 

(H3) lim„^oo ^ = +00 

(H4) 3a G [0, f ] , lim^^oo = tana 
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Using a subadditive a r gumen t and deviation inequalities, Rossignol and Theret have proved 



Rossignol and Theretl (l2009bl ) that T{nA, h{n)) satisfies a law of large numbers: 



Theorem 2.2. We suppose that (F2) holds. For every unit vector v{9) = (cos ^, sin 0), there 
exists a constant ug depending on F and 6, such that for every non-empty line-segment A or- 
thogonal to v{9) and of Euclidean length 1{A), for every height function /i : N — > M"*" satisfying 
(HI), we have 



lim 

n— »oo 



T{nA,h{n)) 
nl{A) 



in L 



Moreover, if the origin of the graph belongs to A, or if (F3) holds, then 



lim 

n— >oo 



T{nA, h{n)) 
nl{A) 



a.s. 



This law of large numbers holds in fact for every dimension d > 2, and the limit ly depends 
also on the dimension. Let us remark that (in dimension two) ue is equal to u(v-^(d)\ wher e 
//(.) is the time-constant function of first passage percolation as defined in Kesten ( 19841 ). 
(3.10) p. 158. This equality follows from the duality considerati ons of sectionl2.3land s t andar d 
first passage percolation techniques (see also Theorem 5.1 in iGrimrnett and KestenI (119841)) 
that r elate cylinder passage times to unrestricted passage times (as in lHammersley and Welsh 
(|l965l ). Theorem 4. 3.7 for instanc e). Boivin has also proved a very similar law of large numbers 
(see Theorem 6.1 in BoivinI (|l998l )). Notice that for the definition o f p,(.), Kesten requires only 
the existence of the first moment of the law F in the proof from iKestenI ( 19841 ). and it can 
also be defined under the weaker condition /q°°(1 — F{x))^ dx < oo. 

One consequence of this equality between v and is that 6 i— > is eith e r con stant equal 
to zero, or always non-zero. In fact the following property holds (cf. Kesten ( 19841 ). Theorem 
6.1 and Remark 6.2 p. 218): 

Proposition 2.3. We suppose that (F2) holds. Then vq is well defined for all 6, and we have 

Ug > ^ (Fl) . 

We recall that for all n G N, we have defined 

'2h{n) 



'D{nA,h{n)) 



9 — arctan 



, 9 + arctan 



2h{n) 



nl{A)J' \nl{A)^ 

Extending the law of large numbers proved by Grimmett and KestenI ( 19841 ) for (j){nA,h{n)) 
in boxes of particula r orientation, the authors pro ved the following result (see Theor em 2.8 
and C orollarv 2.10 in Rossignol and Theret (j2009al )). in the same spirit as the result of Garetl 
(I2OO9I): 



Theorem 2.4. Let A be a non-empty line-segment in R^, with Euclidean length 1{A). Let 
9 G [0, 7r[ be such that (cos 0, sin 0) is orthogonal to A and /i : N — > M"*" satisfying (HI) and 
(H2). Define: 

D = lim sup V{nA,h{n))= ^ y V{nA,h{n)) , 



N>1 n>N 
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and 



N>ln>N 



P = liminfP(n^,/i(n)) = I I Pi V{nA,h{n)) . 

Suppose that (F2) holds. Then, 

E[(t){nA, h{n))] 



and 



lim inf 



lim sup 

n— »oo 



nl{A) 

E[^{nA,h{n))] 
nl{A) 



inf 



inf ■ 



cos 



cos{e - 9) 



(3) 



(4) 



Moreover, if the origin of the graph is the middle of A, or if (F3) holds, then 

lim inf ^t^A^ = inf / \e ev] a.s. 

n^oo nl{A) [cos{e-e) J 

and 

(j){nA, h{n)) 



lim sup — — ' " = inf 

n— »oo TlLyAj 



cos{e - e) 



a.s. 



Corollary 2.5. We suppose that conditions (HI), (H2) and (H3) on h are satisfied. We 
suppose also that (F2) holds. Then we have 



n^oo nl{A) \cos{e-e) 
Moreover, if is the middle of A, or if (F3) holds, then 



a,0 + a\ 



in L} . 



lim '^M;y)=inf ^ 
n^oo nl{A) cos(6 - 



\9 £[e-a,9 + a] 



a.s. 



Concerning the lower lar ge deviations of T{nA,h{n)), Theorem 3.9 and Lemma 5.1 in 
Rossignol and Theretl (l2nn9bl l state that: 



Theorem 2.6. For every non-empty line-segment A in M? , with Euclidean length 1{A), for 
every height function /i : N ^ M"*" satisfying (HI), for all A in M"*", the limit 



Tq{X) = lim 



nl{A) 



log] 



1 



T{nA, h{n)) < A - — nl{A) 



exists in [0, +oo] and depends only on 6 £ [0)'^[ such that (cos 0, sin 6*) is orthogonal to A, and 
not on h nor A itself. Moreover, if the hypotheses (Fl) and (F2) are satisfied, the function 
Tq has the following properties: it is convex on infinite on [O,(5(|cos0| + |sin^|)[, where 
5 = inf{A I P[i(e) < A] > 0}, finite on ]5{\ cos 6*1 + | sin 6*1), +oo[, equal to on [ue, +oo[, and if 
ug > 6{ \ cos9\ + I sin^l) it is continuous and strictly decreasing on ]6{\ cos9\ + \ sin0|),z/e] and 
positive on ]6{\ cos 6\ + | sin0|), ijg[. 
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For simplicity of notations, we define Xg- = +cxd on , and for all a > 
= liin Xafa + e) and T-xia") 



lim laio. — e) 

e^0,£>0 ^ 



We denote by Jo the function defined on M"*" by 

1^ +CX) if X > Ug . 

The following large deviation principle has also been proved in lRossignol and Theret 120093), 
Theorem 3.10: 

Theorem 2.7. For every non-empty line-segment A inM?, with Euclidean length 1{A), for 
every height function /i : N ^ M"*" satisfying (HI), «/ (Fl) and (F5) hold, then the sequence 



,n G N 



T{nA,h{n)) 
nl{A) 

satisfies a large deviation principle of speed nl{A) with the good rate function Jq, where 9 £ 
[0, 7r[ is such that (cos 0, sin 0) is orthogonal to A. 

Th e same large deviation principle is also proved for (p{nA,h{n)) if 9 = (see Theorem 
3.17 in lRossignol and Theretl ( 2009bl ). condition (F5) is replaced by (F 4) in comparison with 
Theorem |2/7|) or if h satisfies limn^t^ h{n)/n = (see Corollary 3.14 in lRossignol and Theret 



(|2009bl )). Theorems 1 2 . 61 and 1 2 . 71 are valid in any dimension d > 2. The difference of hypotheses 
between theorems concerning the variable r and theorems concerning the variable (f) will be 
discussed in Remark 12.61 



2.5 Main results 

As we have seen in Theorem 12.41 the existence of a limit for (j){nA,h{n)) is linked with the 
equality between different infimum. The same holds for the large deviation principle, so we 
define two additional hypotheses we will use: 



Hypotheses on h and F 


(FHl) inf 1 ''i 

^ ^ I cos{e-e) 

(FH2) VA > 0, inf ■ 


[^^I,iXcosi9-9r)\9e.diV)} 

= i'^f - ^)+) 1 ^ e ad(p)} 



Here and in the rest of the paper we denote the adherence of a set S by ad(5). Notice 
that (H4) implies (FHl) and (FH2). We can now state our main results: 

Theorem 2.8 (Lower Large Deviations). Let A be a non-empty line-segment in M?, 9 £ [0, 7r[ 
such that {cos 9,sm9) is orthogonal to A, and h : N ^ E.^ satisfying conditions (HI) and 
(H2). // (Fl), (F2) and (FHl) hold, then there exist constants Ki{F,A,h,e) > and 
K2{F,9,h,e) > such that 
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where 

r]0 h = mi ^ = lim — — m L . 

e&vcos{e-e) nl{A) 

Theorem 2.9 (Large Deviation Principle). Let A he a non-empty line-segment in M^, 6 G 
[0, 7r[ such that (cos 0, sin 0) is orthogonal to A, and /i : N — > R.'^ satisfying conditions (HI) 
and (H2). //(Fl), (F2), (FHl), (FH2), and either (F4) or (H3) hold, then the sequence 

satisfies a large deviation principle of speed nl{A) with the good rate function ICo^h 
M+ U {+00} defined by 

inf 



i +00 A > ?7e,/i . 



Moreover, if we define 



I cos 6\ + I sin ( 



6»gx> cos{9 — 6) 

where 6 = inf{A | P(t(e) < A) > 0}, the good rate function ICg^h has the following properties: 
it is continuous on [0, r/g /j] except possibly at Sg^h where it may be only right continuous, it 
is infinite on [0, 6g^h[^]i]o,h, +oo[, finite on ??6»,/i], positive on [Sg^h,'ilo,h[ cmd equal to at 
TjQ^h, and strictly decreasing when it is finite, in the sense that if ICg^h{\) < 00, for all e > 0, 

Remark 2.10. We will prove in Lemma section that when 6 £ {0,ir/2}, we have 
^e,h{^) = ^0{^~^), a nc? so Theorem\2.9\ is c onsiste nt with the large deviation principle obtained 



in Theorem 3.17 by Rossianol and Therei 1(2009A) in the case of straight cylinders. 



2.6 Comments on the hypotheses 

We want to discuss a little bit the different conditions on F and h we use. The condition (HI) 
is needed to obtain asymptotic results independent of the height function h. The condition 
(F2) is needed to de f ine vo in the way we did it (it may be relaxed, see Remark 2.6 in 
Rossignol and Theretl (l2nn9bl l). The condition (Fl) is equivalent to the fact that i^g 7^ 0. 



The conditions (F4) or (H3) appear in Theorem 12.91 to deal with the upper bound of the 
large deviation principle (see section [4.3.1l in particular Remark [4. 8|) . They correspond to the 
condition (F5) in Theorem 12.71 Indeed, we need a stronger moment condition to deal with 
the upper large deviations of r because a minimal cutset corresponding to the maximal flow 
T{nA, h{n)) is pinned along the boundary d{nA) of nA, thus it suffices that some edges in a 
neighbourhood of this boundar y have a huge c apacity to increase the variable T{nA, h{n)) (for 
more details, see section 2.3 in iTheretl JioSS)). Since a minimal cutset corresponding to the 



flow (j){nA,h{n)) is not pinned, there are no edges in the cylinders with such an influence on 
(j){nA, h{n)). However, the fact that a cutset for (j){nA, h{n)) is not pinned implies that it can 
be located anywhere in the cylinder cy\{nA,h{n)), thus we need to control the height of the 
cylinder by the condition (H2) to obtain interesting results concerning (f){nA,h{n)), whereas 
this condition does not appear in theorems concerning T(nA,h{n)). As explained in Remark 
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3.22 in Rossignol and Theret ( 2009bl ). the condition (H2), combined with (Fl), is relevant to 



observe a maximal flow (l){nA, h{n)) that is not null. 

Finally, the conditions (FHl) and (FH2) also appear because the minimal cutset does 
not have fixed boundary conditions, thus it chooses its orientation to solve an optimisation 
problem. The condition (FHl) ensures that the direction chosen by an optimal cutset is 
stable when n goes to infinity; this condition, combined with (F2) and (HI), is relevant to 
observe a limit for (p{nA,h{n))/{nl{A)), as proved in Theorem 12.41 The condition (FH2) is 
of the same kind. 

For simplicity of notation, we will denote by (pn the maximal flow (f)(nA,h{n)) for given 
A and h clearly given in the context. We shall often use two abbreviations: lagldd for "limite 
a gauche, limite a droite", meaning that a function admits, on every point of its domain, a 
limit (eventually infinite) from the left and a limit from the right. We shall also use l.s.c for 
"lower semi-continuous". 

3 Lower large deviations 

This section is devoted to the study of P[(/>n < An/ (A)] for A > 0. We will add conditions on 
h and F step by step, to emphasize what condition is needed at each time. 

3.1 Technical lemma 

For any angle 0, we define two vectors by their coordinates: 

v{6) = (cos 0, sin 0) and v^{0) = {suiO, — cosO) . 

W e state here a property which comes from the weak triangle inequality for u (see section 4.4 
in 



3 state nere a property wmcn co 
Rossignol and Theretl (j20093)): 



Lemma 3.1. Let {abc) be a non degenerate triangle in and let Va, Vf,, Vc he the exterior 
normal unit vectors to the sides [6c], [ac], [ah\. We denote by (cos ^j, sin ^j) the coordinates of 
Vi, and by the length of the side [i,j] for i, j in {a, b, c}. // the angles cab and abc have 
values strictly smaller than ir/2, then for all A > 0, for all a £ [0, 1], we have 

l{ab)l^ (tT^^I < l{ac)If, fa-^^^ + l{bc)l^ f (1 - ") 



l{ab) ) - ' ' V Kac) ) ' <ia\^ 

Proof : This proof follows the one of proposition 11.6 in [Ceril(l2nn6l l. We consider the cylinder 



cyUN) = cy\{N[ab],N) 
of dimensions Nl{ab) x2N oriented towards the direction 6c, and we defi ne Tr(N) = t(cyI^(N)) 



(implic itly, for the direction defined by 6c). Exactly as in section 4.1 of iRossignol and Theret 
we choose two functions /i' : N — > M"*" such that 



lim h'{n) = lim C('^) = +c» , 
n— >oo n— >c» 

and 

lim = 0. 

n— »oo Q[n) 
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cyl,(7V) 



Figure 2: The cylinders cyl^{N), cyl^(n) and cyl^(n). 

We construct smaller cylinders oriented towards the directions 9b and 6a inside cyl^{N) (see 
figure [2]) . We define 

cylfe(n) = cyl ([0,0 + nl{ab)v^ {Oh)], h'{n)^ , 

cyl,(n) = cyl([0, + nl{bc)v^i9a)],h'{n)^ , 
respectively oriented towards the direction Oh and Oa- We define the vectors 

Ui = (CW + l)nl{ac)) v^{9b) and Wj = (C(n) + (j - l)n/(6c)) v^{6a) 
and the points 

Ui = Na + Ui and Wj = Nc + wj 

for 

i G !^l,...,Mb = 

where A^a = Ma{n, N,b, c) and A^fe = Mb{n,N, a,c). For i = 1, ...,Mb (resp. j = 1, ...,Ma), 
let cyl^(n) (resp. cyl^(n)) be the image of cyl^(n) (resp. cyl„(n)) the the translation of vector 

11 



Nl{ac) - 2C(n) 
nUac) 



and jell, ...,Ma 



Nl{bc) - 2C(n) 
nUbc) 



OUi (resp. OWj). We can translate again each cyl^(n) (resp. cyl^{n)) by a vector of norm 
strictly smaller than one to obtain a integer translate cyl^(n) (resp. cyl;^(n)) of cylft(n) (resp. 
cyl(j(n)), i.e., a translate by a vector whose coordinates are in Z^. For i = l,...,Aib (resp. 
j = l,...,Ma), we define r^(n) = r(cyl^(n)) (resp. Ta(n) = r(cyl;^(n))) for the direction 
defined by 6b (resp. 9a). The dimensions of cylb(n) (resp. cyla{n)) are {nl[ac)) x 2h'{n) (resp. 
{nl{bc)) X 2h'{n)), and for N and n large enough cyl^(n) and cyl^(n) are included in cyl^{N) 
for all i and j (we only consider such large n and N), because cab and abc are strictly smaller 
than 7r/2 and h'{n)/C,{n) 0. The variables {Tl{n) , Ti{n)) are identically distributed. To 
glue together cutsets in the cylinders cyl^(n) and cyl^(n) for all i and j to obtain a cutset in 
cy\^{N) we have to add some edges. We finally define, for a constant C ^ 4, 



£^{n,N,a,b,c)=V 



[Na, Na + ui] U [Na + n^^,, iVc] 
U[Afc, Nc + wi] U [A^c + WMa,^b] 



c , 



and we denote by E^{n, N, a, b, c) the set of the edges included in &3{n, N, a, b, c). There exists 
a constant C7 such that 

card(£'3(n,iV, a,6,c)) < Cj (^({n) + n + . 

The union of E^^n, N,a,b,c) with cutsets in the cylinders cyl^(n) and cyl^(n) for all i and j 
separates the upper half part from the lower half part of the boundary of cyl^{N) (see figure 
[2]), so we have 

Mt Ma 

TciN) < J^r^(n)+ J^ri(n)+y(^3(n,iV,a,6,c)). (5) 
i=i j=i 

Then for all A > 0, for all positive rj, for all large N, for all a € [0, 1], by the FKG inequality 
we have 



Nl{ab) 



< A + 3r? 



1 



y/Nl{ab) 



> 



> 



Nl{ab) 



< X + 2r] 



Mb 



^Tl{n) < a{X + r])Nl{ab) 



Ma 



Y,ri{n)<{l-a){X + v)Nl{ab) 



X P [V{E3{n, N, a, b, c)) < riNl{ab)] 

Mb Ma 

> Yl^ [rlin) < a{X + ri)nl{ab)] x JJ P [r;'(n) < (1 - a)(A + 7?)n/(a6)] 
i=i j=i 

xF[V{E3{n,N,a,b,c)) <7]Nliab)] 

1 



> 



Ta{n) < [1 - a){X + T])nl{ab) 



X P 



Tb{n-) < Q;(A + 7])nl{ab) 



ac 



y^nl{bc 
t{e) < 



7]Nl{ab) 



Cj{C{n) + n + Nln) 



C7{C,{n)+n+N/n) 
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We take the logarithm of the previous inequahty, divide it by — A^, send N to infinity and 
then n to infinity. We obtain that 



/(a6)J^JA + 3??) < l{ac)I^^ (^a(A + r?)|^) + l{bc)I^^ (^(1 
Sending r/ to zero, we obtain the desired inequahty. □ 



»)(A + ,)|||. (6) 



We state next a property of continuity: 
Lemma 3.2. For all X>0, we define gx : [6 - -k/2, + 7r/2] ^ M+ U {+00} by 

'^9e]9-TT/2,e + TT/2[, gxie) = 1 J^(Acos(^- 0)+) 

cos{9 — 9) 

and 

+00 i/J^(0+)>0, 



Then g\ is lower semi- continuous, and g\ is continuous on 



cos(e - 9) 



Remark 3.3. // (Fl) holds, then for all 9 we have > 0, that implies Xg-(0"'") > 0. The 
definition of g\{9 — Tr/2) and gx{9+7r/2) is consistent with the expression given for any different 
9. We shall always use LemmalKM under assumption (Fl). 

Proof : The proof is based o^ the same ideas as the one of lemma ISTTl so we will use part of it. 
We consider two angles 9i, 02 such that 9i — 92 = i (positive or negative) and |e| = e is small. 
Let (abc) be the right triangle such that, using the same notations as in the previous proof, 
l{ab) = I, 9c = 9i + TT, 9h = 92 and 9a = 92 — '/r/2, and so bac = e, acb = Tr/2 and aba < tx 12. 
Obviously we are confronted with a particular case of triangle {abc) studied in lemma ISTTl We 
do exactly the same construction as in the previous proof, and we start again from equation 
([6]). Here we have constructed [abc) such that l{ab) = 1, l{ac) = cose and l{bc) = sine, and 
by invariance of the graph by a rotation of angle 7r/2, we know that the functions Ig^ and 
'^02~-t/2 (respectively Tg-^ and ^Tg-^,^^) are equal. We can rewrite equation ([6]) the following way: 



%^(A + 3r?) < (cose)T^^ (^a^^ + {sin e)I^^ ((1 



a)^ ) • (7) 
sme ' 



We want to make appear the factor cos(0i —9), so for all A > and for all small rj we deduce 
from ^ that for all e small enough, 

Tg^^(Acos(^i -9)+3t]) 

. Xcos{9i - 9) + r]\ ( Xcos{9i-9) +r] 
< i-ose)!^^ { a J + (sme)T^^ [ (1 - a) 

Acos(^i -9) + r]' 



< {cos e)I^^ ( a{X cos{92- 9) + ri /2) ]+ {sin e)Ifj^ ( (1 - a 



sme 
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If A > we choose a s] max(2/3, '^ — rj/ (12A)J^, 1[ (remember that A^is fixed and we can choose 
rj small in comparison with A), then a{Xcos{92 — 9) + ri/2) > Acos(02 — + This equation 
is satisfied for all 1 > a > 1/2 if A = 0. We stress here the fact that how large must be a 
depends on A and ry, but not on e. With a such fixed big a, we obtain that 

Jg-^(Acos(^i - 6*) +3r/) 

Ac os(^i -e)+ri \ 
sine / 



< (cose)Tg^ f Acos(6'2 -9) + r//4j + (sine)T^^ (1 - ") 



We send 92 to ^i, i.e. e to zero by fixing 9i. Since (1 — q)(Acos(^i — 9) + rf) is fixed and 
positive, we know that for small e we obtain 

A 005(6*1 - (^) + 1] 

(1 - a) : > t-rnax = max Ug , 

sme ee[o,n] 

and so for all 9 we have 

^ I sme I 

We send finally r] to zero and obtain 

2'g^(Acos(^i - 6*)+) < hminf liminf Jg^_^^, (^Acos(^i + e - 9) + . 

We know that the limit hm^_»o Xg^^^.(A cos(0i + e — 6*) + 7y/4) is an increasing limit for all fixed 
i, so we get: ^ ^ 

2'g^(Acos(0i - 9)+) < hminf Jg^^^,(Acos(0i + e- 0)+) . (8) 

We will now fix 92 and send 9i to 92. Starting again from ([6]), for all /3 > 0, for all A > 0, 
for all 92 €]9 — tt/2,9 + 7r/2[, for all ry small enough and e small (in particular such that 
9i e]9 - 7r/2, 9 + tt/2[ too), we obtain 

I^^iXcos{9i-9)+p) 

< Iq^{\cos{9i-9)) 

( Xcos(9i-9) -2t]\ , (, ,Xcos(9i- 9) -2ri\ 

< cose Q '- + sme 1 - a) '- 

\ cose / \ sme / 

< (cose)J^^ (a(Acos(^2 -9)- Sr?)) + (sine)Jg^ ^(1 - ^ ^"^(gi^-J) - 2?? ^ ^ 

Exactly as previously, for a < 1 but sufficiently close to 1 (how close depending on A and ry 
but not on e), we have 

I^^{Xcos(9i-9)+p) 

< (cose)T^^ (Acos(^2 - e) - 47?) + (sine)J^^ ( (1 - a)^^^^i^l-ibL^ J . 
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We send first (3 to zero, then 6i to 62 (thus e to zero), and finally r] to zero to obtain as for 
^ that 

Jg^(Acos(02 - Oy) > lim sup 2'g-^^^.(A 005(^2 + e- 9)+) . (9) 

£— >0 

This inequality remains valid for A = or cos(6'2 — ^) = 0, since for convenience we decided 
that Tg^(0~) = +00. Prom ([8|) and ([H), we conclude that for all A > 0: 

1 Tg(Acos(g-g)+) < liminfgA(^+e) < 
cos(t^ — U) 

< hmsup5A(^+e) < ^ 2'^(Acos(^- 6*)") . 

i~*o cos{9 - 6) 

Lemma [32] follows, since we know that: 

V^G Ig{\cos{9- 9)+) = Ig{Xcos{9- 9)-) . 

□ 



3.2 Lower bound 

Fr om now on, we suppose that t he height function h satisfies (HI). We will use equation (19) 
of lRossignol and There j (l2nn9al ). and thus the construction that leads to it, to prove that 

liminf—i— log P [(/)„< An/ (^)l > - inf 1 ( \ cos{9 - Oy) , (10) 

n^oo nliA) 9Gad(0) COS(0 - ^) ^ 

and 

limsup— ^logP[(/>„ < An/(A)] > - ^ inf_ i (a cos(^- 0)") . (11) 

n^oo nl[A) e&aA{v) cos{9 - 9) ^ ' 

We recall this construction here. We consider a line segment ^4, of orthogonal unit vector 
i;(0) = (cos 0, sin 0) for 9 G [0, 7r[, and a function /i : N — > M"*" satisfying lim„_>oo ^(^t-) = +00. 
We use the notation Dn = ^(nA, h{n)). For all 9 G P„, we define 

1 nl{A) tan{e-e) 
^" " 2 + 4h(^) ' 

and thus «;„ = {kn, 9) G Dn- We want to compare 4>'^" with the maximal flow r in a cylinder in- 
side cyl(n^, h{n)) and oriented towards the direction 9. In fact, we must use the subadditivity 
of r and compare with a sum of such variables r. 

We consider n and in N, with a lot bigger than n. The following definitions can seem 
a little bit complicated, but Figure[3]is more explicit. We choose two functions /i', C : N ^ M"*" 
such that 

lim h'{n) = lim C('^) = +00 , 

n— >oo 

and 

h'{n) , , 

lim-^ = 0. 12 
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I I : cyl(JVA, h(N)) 

I ■■ Gi 

■■ Gi 

■ : y^iin, N, K,^) U T2(n, N, K„) 



Figure 3: The cylinders cy\{NA,h{N)) and Gj, for z = 1, A^. 



We consider a fixed 9 £ Vn- We recall that 

v{9) = (cos 0, sin 0) and v'^{0) = (sin 6*, — cos 6*) . 

In cyl{NA, h{N)), we denote by xn and un the two points corresponding to the boundary 
conditions kn, such that xnUn • v-^{0) > 0. Notice that according to our choice of k^, the 
segments [xn, Un] and NA cut each other in their middle. If we denote by L{N, 6) the distance 
between x^ and y^, we have: 

UNA- "'<-^' 



cos(0 - e) 



We define 



cyl'(n) = zymnv^{e)],h'{n)). 
We will translate cyl'(n) numerous times inside cy\{N A,h{N)). We define 

ti = XN + {C,{n) + l)n) v^(e) , 

for i = I, ...,M., where 

' L{N,9)-2C{n) 



M = M{n,N) 



n 



Of course we consider only N large enough to have > 2. For i = 1, Al, we denote by 
Gi the image of cyl'(n) by the translation of vector Oti. For n (and thus N) sufficiently large, 
thanks to condition (fT2]l . we know that Gi C cyl(A^A, /i(A^)) for all i. We can translate Gi 
again by a vector of norm strictly smaller than 1 to obtain an integer translate of cyl'(n) (i.e., 
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a translate by a vector whose coordinates are in 1?) that we will call Gj. Now we want to 
glue together cutsets of boundary condition {1/2,6) in the cylinders Gi. We define: 



■ M 



ri{n,N,KN) = Ml V(ti,Co) n cy\{NAMN)), 



\i=l 



where Co is a fixed constant larger than 4, and: 

T2{n,N,KN) = V ([XN,XN + C{n)v^{e)]yj[zM,yNlCo) {^cy\{NA,h{N)). 



Let Fi{n, N, Kjy) (respectively F2{n, N, Kj\f)) be the set of the edges included in J^i{n, N, Kjy) 
(respectively J^2in, N, kj\[)). If for every i = 1,...,M., Qi is a cutset of boundary condition 
(1/2,6*) in Gi, then 

M 

(J U Fi(n, iV, kn) U F2(n, iV, kn) 

i=l 

contains a cutset of boundary conditions kn in cy\{N A,h{N)). We obtain: 



M 



^^'^ < Y,^iG,,v{e)) + yiMn,N,KN)UF2{n,N,KN)), 



(13) 



i=l 



and so, 



M 



yOGVN <Pn < ^n"" <Y.^{G^,v{e)) + V{F^{n,N,KN)UF2{n,N,KN)). (14) 

■t=i 

This equation (fT4l) is equation (19) in iRossignol and Theret Moreover, there exists 

a constant C5 such that: 

card(Fi(n,iV, kat)) < C5M and card(F2(n, iV, ka?)) < C5 (^(n) + n) . 

Then for all 9 £ for all A > 0, for all positive small e, by the FKG inequality, 

-M 



N 



< \1{A)N] > 



> 



> 



f~]\T{Gi,v{e))<{X-e 

[T(cyl'(n),i;(^)) < {X - e) cos{e - 9) 
Ve e E{n,N,KN) , t{e) < 
T{cyl'{n),m) 



)^^} n {ViEin, N, kn)) < eliA)N 



M 



el{A)N 



n 



t{e) < 



<{X-e) cos{e -9)-^ 

n 



el{A)N 



C^{M+an) + n) 
M 



C5(7W+C(n) + n) 



C5(M+C(n)+n) 



We take the logarithm of this inequality, jiivide it by Nl{A), send N to infinity and then n to 
infinity. Thanks to Theorem 12.61 for all 6* G P and A > e > 0, we obtain 



1 



liminf , ^, 
iV-.oo Nl{A) 



log] 



4>N 

Nl{A) 



< X 



> 



1 



cos{9 - 9) 



Tn[{X — e) cos{9 
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Sending e to zero (remember that Xg- is laglad) and taking the infimum in 0, 

hminf — ^logP[(/.jv < XNUA)] > - inf i I^(Xcos(e- 9y) . (15) 

N^c^ Nl{A) e^vcos{e-e) ^ 

Similarly, if S let "0 : N — > N be strictly increasing such that for all 9 £ V^^^^y Then 
we obtain by the same arguments that 

^ -ffli ~ I^(Xcos{6-6)-) . (16) 
e^v cos{9 - 6) ^ ' 

These inequalities remain valid for A = 0, since Xg(0~) = +cx), so equations (fTSl) and (fT6]) are 
satisfied for all A > 0. 

We will transform a little bit inequalities (fTSl) and ([TB]) to make it more useful for us in 
the proof of the large deviation principle below. Actually, let us prove that: 

inf i JjfAcos(^-0)"') = inf i ("a cos(^- 0)") , (17) 

ee©cos(e-0) ) ee^d{v) cosie - 9) ' 

where D is an interval of \9 — i: /2, 9 + 7r/2] which is centered at 9 and symmetric with respect 
to 9 (representing P or P here). As we did previously, we define 

ifl = |^|A*5^^^^iS±^\ 
\ cos{9-9) J 

where * represents <,>,<,> or =, and for simplicity of notations we define also: 

= ~ l~Axcos{9-9r 
cos{9 — 9) ^ 

The function 'g\ is infinite on , and finite, continuous and equal to g\ on . If V is 
included in H^, then ad(P) too because is closed, and then: 

inf = +00 = inf gx ■ 

V ad(0) 

Otherwise, V n is non empty, so inf x) 5a is finite. If ad('D) ^ V (otherwise the result is 
obvious), then V is open since it is symmetric with respect to^0, and we denote by 9i and 
92 the two pointy of ad(D) \ V. Either ^a is continuous at 9i (respectively ^2), or gx{9i) 
(respectively 5a (^2)) is infinite, so 

inf 5a = inf ^ 5a, 

V ad(X>) 

and equation (fTTll is proved. Inequalities (fTSj) and (fT6]l are equivalent to (fTO]) and (fTTl) . 
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3.3 Upper bound 

We suppose from now on th at h satisfies (HI) and (H2). We will use equation (24) in 
Rossignol and Theret ( 2009al ). and thus the construction that leads to it, to prove that 



lim sup 



1 



and 



nl{A) 
lim inf ] 

n^oo nl[Aj 



log 



< Xnl{A)] < - ^ inf_ 



e£ad{V) COS[ 



X-x ( A cos( 



inf 



1 



A cos (61 - ey 



(19) 



6»Gad(X)) COs{9 - 9) 

We recall this construction now. We do the symmetric construction of the one done in section 
13.21 We consider n and in N and take N a lot bigger than n. We choose functions 
C,h" R+ such that 



and 



lim C'(^) = li™ h"{n) = +00. 

n^oo n— +00 



n— >oo Q'[n) 



0. 



(20) 



We consider k = {k,0) G Dn- Keeping the same notations as in section [321 we define 

cyl"(iV) = cyl([0,iVt;^(^)],/i"(iV)) . 



We will translate cyl(n^, h{n)) numerous times in cyl"(A^). The figure[4]is more explicit than 
the following definitions. The condition k defines two points Xn and on the boundary of 




Figure 4: The cylinders cyl"(iV) and Bi, for i = 1, ...,M. 

cyl{nA,h{n)) (see section [3?2l) . As in section [3?2l we denote by L{n,9) the distance between 
Xn and Hn, and we have 

nl{A) 



Lin, 



cos{9 - 9) 
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We define 



for i = 1, ...jAf, where 



= {C'{n) + {i-l)L{n,e))v^{e). 
N - 2C'(n) 



L{n,e) 



Of course we consider only N large enough to have M > 2. For i = 1, ■■■,J^, we denote by Bi 
the image of cyl(nA, by the translation of vector Xn.Zi. For sufficiently large, thanks 
to condition (f20]l . we know that Bi C cyl"(A^) for all i. We can translate Bi again by a vector 
of norm strictly smaller than 1 to obtain an integer translate of cyl(n74, /i(n)) (i.e., a translate 
by a vector whose coordinates are in Z^) that we will call Bi. Now we want to glue together 
cutsets of boundary condition k in the different Bi. We define: 



£i{n, N, k) 



\i=l 



where C, is still a fixed constant bigger than 4, and: 



Let Ei{n, N, k) (respectively E2{n, N, k)) be the set of the edges included in <5i(n, iV, k) (re- 
spectively £2{n, N, k)). Then, still by gluing cutsets together, we obtain: 



Af 



Ticyl"iN),vi6)) < Y.'t^''^Bi,v{e)) + V{Ei{n,N,K)UE2{n,N,K)). 



(21) 



i=l 



This equation (f2T]) is equation (24) in Rossignol and Theret ( 2009al ). On one hand, there 
exists a constant Cq (independent of k) such that: 

caTd{Ei{n,N,K)VJE2{n,N,K)) < Cq (M + C'{n) + L{n,e) 



On the other hand, the variables (i?5>''(i?j))i=i,...,Ar are identically distributed, with the same 
law as 0^ (because we only consider integer translates). Then for all k £ Dn, for all A > e > 0, 
for all large N, we have by the FKG inequality 



TicyY'{N),v{e))< A 



1 



> 



> 



> 



< 



Af 



Af 



N 

X If 
Af 

Af 



N 



V{Ei{n,K)UE2{n,K)) < -N 



< 



nl{A) cos{e - 6) 



X F 



t{e) < 
t{e) < 



eN 



2Ce{M + C'{n)+L{n,e)) 
4Cfi 



Ce.{Af+C'{n)+L(n,e)) 
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We take the logarithm of the previous inequahty, divide it by — A^, and send to infinity to 
obtain that: 



-1 



L{n,e) 
For n large enough, 



log] 



< 



A-e 



el{A)n 



L{n,9) 



log I 



t{e)< 



el{A)n 



t{e) < 



> 



2 ' 



and thus, 



nl{A) 



logP 



< 



A-e 



nl{A) cos{e-e) 



< ^ %(A) + - 

cos{e-e) ^ n 



where K = Cg log 2/Z(yl). We set A = (A - e)/ cos{9 — 9) (so A > 0), and let e go to zero to 
conclude that for all A > and k G D„, 









nl{A) - 


< exp — 


7ll{A) 



1 



-T^(A cos( 



+ 



K 



cos 



n 



(22) 



We come back now to the study of (pn itself. We have seen that 4>n = ^^^KeD„ 4>n- We also 
noticed that 4)'^ takes only a finite number of values when n G Dm thus one may restrict 
ourselves to a finite subset l)„ of D„ such that card(L'„) < C/ih{n)'^. Therefore, 



bn < Xnl{A)] = P [3k G Z?; I < Xnl{A) 
< ^ P[C < Xnl{A)] 



< C4h{nf X maxP[< < Xnl{A)] 

kGD„ 



< C4/i(n)^exp 



-nl{A) I - + Jnf ^ ^ Xg(Acos(g - 0)+) 
V n eeVn cos{e -9) 



If we suppose that lim^^oo log(/i(n))/n = 0, we obtain that: 



hm sup ^ 



logP[0„ < A?i/(^)] < -liminfjnf 



1 



B&Vn cos{9 — 9) 



Ig{Xcos{9 - 9)-^) , (23) 



and 



liminf logP[(/>„ < AnZ(A)] < -limsupjnf i Xg-(A cos((9 - 6*)+) 

n^oo nl[A) n^oo eeVn cos{9 -9) 



(24) 



We can now apply Lemmas 4.1 and 4.2 in lRossignol and Theretl (|2009al ) with f = gx, that we 
know to be l.s.c. thanks to Lemma [321 to obtain that 

liminfjnf gx{9) > _ inf g\{9) and limsupjnf > _ inf g\{9) . 



So (Eal) and (El lead to (fTHI) and (fTOl). 
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3.4 Positivity and proof of Theorem 12.81 

We need some extra hypotheses: from now on, we suppose that (HI), (H2), (Fl), (F2) and 
(FHl) hold. We define 

iqe,h = inf = mf 



eev cos{9 - 6) e&v cos{6 — 9) 
We know that under these hypotheses, 

1™ f/".x = ^e,h > in . 
n^oo nL[A) 

In fact, the convergence of 0„/(n/(A)) in L} is sta ted in Corollary 12.51 under th e stronger 
assumption (H3). However, the methods used in iRossignol and TherefJ (l2nn9hl l to prove 
this -convergence do not use the condition (H3) itself, and can be performed under the 
assumption (FHl) instead. 
We define 

}Ce,h{\) = ^ mf_ — i -T^(Acos(^- 9)+) = ^ inf_ gx{9) . 

e&a.d(V) cos{9 — 9) eead{v) 

We want to prove that fCg^h > on [0,r]g^fi[- Indeed, we know that 

limsup ^ log¥[(j)n<\nl{A)] < -K,e,h, 

n—*oo nlyJi) 

thus proving that /Cg.h, > on [0,?7e^/i[ is equivalent to proving that the lower large deviations 
of (pn/inliA)) are (at least) of surface order. 

We remember all the properties of Ig we know (see Theorem 12. 6p . Let us define 

. ^ I cos 6*1 + I sin 01 
6eh = 5 X mf 



6»ex> 003(6* — 9) 

the infimum of the values that 4'n/inl{A)) can take asymptotically. Then obviously ICe^h is 
infinite on [0,56i^ft[ and finite on ]6g^h,+oo[ (its behaviour at dg^h will be study in section |4?T]) . 
It is also obvious that K is null on [r^g /j, -|-oo[. Since for all 0, A — > X^(A"'") is non increasing, 
so is ICg^h on M+. We state the following result: 

Lemma 3.4. The function K,e,h is strictly decreasing on [5e^h^fle,ti\, i-S--, 

VA (^]5e,h, Ve,h] , Ve > K,e,h{\) < iCe,hiX - e) . 

We immediately notice that this lemma implies the positivity of ICe^h on [0, % and thus 
Theorem 12.81 through inequality (f23]) . 

Proof : Thanks to Lemmaj321 we know that foi^ every fixed A, 1— > gx{9) is l.s.c. Since ad{'Dj 
is compact, ^^^fj^^^(^^ 9\{^) is reached at some 9x £ ad('D). Notice also that for every fixed 0, 

X gx{G) is strictly decreasing (in the same meaning as in Lemma [3^ on the interval: 

I cos 9\ + I sin^l 
0- 



cos((9 - 9) cos{9 
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We consider A ^]50^h,f]e,h]- Thus K,Q^h[\) < oo, so we can suppose that K,0^h{\ — e) < oo 
otherwise the result is obvious. The condition K,g^h{X — e) < cxo is equivalent by definition of 
6'A-e to (/A-e(^A-e) < OO, which implies that 



We deduce that 



thus 



We obtain 



\> 5 



A G 



COS^A-el + I sin^A-el 



gx(ex-e) < gx^e(0\^e)- 



K,e,h{\) = „ inf_ gx{e) < gx{9x-e) < gx-e{9x-e) = ^ mf_ gx-e{0) = K,e,h{\-e) 



□ 



3.5 Discussion 

Combining the results of the two previous sections, we obtain that for all A > 0, if we define 

1 



nl{A) 



'n < \nl{A)] , 



we have 



2^(Acos(0-^ ■ fn ^ -f %(Acos(g-g)+) 

_ mf — — < hm mf U„ < — _ mf — — , 

6»gad(2) C0S(6' - 6) 6»Gad(©) COs(6' - 0) 

2^(Acos(^-^ _ l^{\cos{e-d)+) 

mf — — < limsupU„ < 



eeadp) cos(6' — 9) 
In fact, we will prove in section |4?T] that for all 

I cos 9\ + I sin 



A / (5 mf 



inf 

eGad(©) cos{9 — 9) 



0ev cos( 



we have 



. J^(Acos(^ - 0)+) . J^(Acos(0 - 9)-) 
mf — = mf — 



eev cosi 



eev cos 



(25) 



for V equal to ad(P) or ad(P) (see the proof of the continuity of ICe^h, Lemma |42]) . It implies 
that for all A ^ 5e,h, 



lim inf 

n— >oo 



1 



_ inf 

6lead(B) COs(^ 



-J^(Acos(^-0)+) 



1 



inf 

6»ead(p) cos (6* - 9) 



I^{\cos{9 - 9Y) 
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and 

limsupDn = — _ mf_ 2g-(A cos(0 — ^)'^) = — _ mf_ ^^-(A cos(^ — 6')") , 

n^oo 0ead(^) cos(6' — Q) eead(^) cos(0 — Q) 

thus under condition (FH2) we obtain that for all A / be^h, we know that lim„_»oo Dn exists 
and 

lim -^^n < >^nl{A)] = Ke.h{\) ■ 

n^oo nl[Aj 

Notice that if Ig^i^l cos^ol + I sin^ol)"'^) < oo for some Oq € V such that Se,h = <5(| cos^ol + 
I sin^ol)/ cos(0o — 0)^ then 

-oo = -inf -1 — -Ig{60^h cos{0 - e)~) < - inf -1 — -Ig{6e,h cos{e - 6)+) , 

eev cos{6 - 6) e&v cos{9 - 6) 



thus we have no hope to prove equation (l25ll at the point A - 

4 Large deviation principle 

Prom now on, we suppose that hypotheses (HI), (H2), (Fl), (F2), (FHl) and (FH2) hold 
(we recall that (H4) implies (FHl) and (FH2)). By definition, we have 

VA G M+, ICg^hW = ^ inf_ i J^(Acos(^- 9)+) 

e&a.d{V) cos{0 — 6) 

= inf i J^(Acos(^- e)+). 

0ead(©) cos(^ - 6) 

We define the rate function Ke^h : M+ ^ M+ U {+00} by: 

, , f infj^ ..^n, i — J^(Acos(^- e)+) = K(X) if X < rjg h , 

\ +00 if A > rje^h ■ 

4.1 Properties of Ke h 

We can deduce a lot of properties of ICe.h from the properties of ICe^h stated in section 13.41 
lCB,h is infinite on [Q,5e,h[ (if 5e,h > 0) and on ]r]0^h,+oo[, finite on ]5e,h-,ile^h] (if ?]6i,ft > ^e,h) 
and strictly decreasing on [5o^h-,Vo,h\ in the sense of Lemma [3^ We only have to prove that 
K,0^h is a good rate function, and that it is continuous on [0, rfg^h] except possibly at where 
it may be only right continuous. We first state that lCe,h is a good rate function: 

Lemma 4.1. The function fCg^h is lower semi- continuous and coercive on M"^, i.e., for all 
t > 0, the set {A | JCe^hi^) < t} is compact. 

We will use this property to prove that fCe^h is right continuous. 

Proof : In fact it is sufficient to prove that for all t > 0, the set {A | ICg^hW < t} is closed, 
because we know that 

Vi > {A I }Ce,hW < t} = {A I ^e,,,(A) < t} n [0, 7]{e, h)] . 
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Let (A„).„>o be a sequence of {A | K,e,hW < t}, converging towards some Aq. For each fixed A 
in M"*", since the function g\ is lower semi-continuous and ad(P) is compact, there exists 9\ 
such that 

^Cg,h{X) = gxiOx). 

The sequence {6\„)n>o takes values in the compact ad(P), so up to extracting a subsequence, 
we can suppose that it converges towards a limit S ad(P). For all positive e, for all large n 
we have A^ < Aq + e, and so, since Xg- is non increasing for all 6, we obtain for all large n that 

Since g(^Xo+e) is l.s.c. and a subsequence (^^(n))n.>o of (^A„)n>o converges towards we 
obtain: ^ ^ 

This inequality is satisfied for all positive e, and Oq E ad(P), so 

^e,ft(Ao) < gxo0o) = ^Ji™>ofi'(Ao+e)(^o) < 
This ends the proof of Lemma [4m □ 

We now study the continuity of fCg^h- 

Lemma 4.2. The function fCg^h is continuous on M"^, except possibly at 5g^h where it may be 
only right continuous. 

The proof of the continuity of ICg^h is quite long and technical, and this property of ICg^h 
is not needed to prove the large deviation principle. However, as explained in section [331 and 
below, the continuity of ICg^h is a natural question to ask, so it seems to us important to give 
an answer to it. 

Proof : We define 

ICe.hi^^) = 1™ ICe,hi^ + £) and ICg^h{>^~) = lim /C6),h(A-e). 

£^0,e>0 e— »0,e>0 

First of all, we prove that fCg^h is right continuous, i.e., ICg^hi^~^) = ^e,/i(A) for all A G M"*". 
We have for all A > 

jCg,H{X+) = hm inf ~ + e) cosiO - 6)+) 

£^o,£>Oggad(©) cos(6' -9) 

< lim ^ inf J^(A cos(^- 6*)+) 

and since ICg^h is lower semi-continuous, we know that 

^e,/.(A+) > jCgj,{X) , 
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thus 

VA > lCe,h{X^) = ICe,h{X) ■ 
On the other hand, for all A > we have 

)C0,n{X~)= lim inf ~ U{X-e)cos{e-e)+) 

e^o,e>Oegad(©) cos(6' -9) 

= ^ inf lim i IMX - e) cos(e - e)+) 

ees.d{v) "^-^0' '^>o cos(6' -6) 

= _ inf_ i 2'^(Acos(^- 6)-) 

eGad(D) cos(6' - 9) 

> ^e,h{X) , 

since the limit in e appearing in these equations is a decreasing limit. Thus ICq^h is continuous 
at A if and only if 

_ inf_ I J^(Acos(^- or) = inf_ l T^(Acos(g- 9)+) . 
eea.d{v) cos{9 - 9) eead{v) cos{9 - 9) 

We will thus prove that it is true for all A / Sg^h. Notice that the proof we propose can be 
performed with ad(P) instead of ad(P), and thus the continuity of ICe^h is linked with the 
existence of the limit 

lim -^n4>n < Xnl{A)] 

n^oo nl[A) 

as explained in section [331 We need two intermediate lemmas to prove Lemma [42l The first 
one is the following: 

Lemma 4.3. Let A be the function defined on x \ (0, 0) by 

A{X,v) = \\vhIei,-){Xi\cos{9{v))\ + \smi9{v))\y) 

where 9{v) G [0, 27r[ satisfies v = \\v\\2{cos{9{v))^s\n{9{v))) and \\v\\2 is the Euclidean norm of 
V. Then for all vectors u and v in (M+)2 \ {(0,0)}, we have 

VAGM+ A{X,u + v) < AiX,u) + A{X,v) . (26) 



Proof : Lemma 14.31 is a simple consequence of Lemma 13.11 We consider u and V in (M+)2 \ 
{(0,0)}, and define w = u + v. We use the notations 6{u) = 9a, 6{v) = 9^ and 9{iv) = 9c. 
We consider the triangle {abc) of side \bc\ (resp. [a6], [ac]) orthogonal to u (resp. w, v) and 
of length ||«||2 (resp. \\w\\2, \\v\\2)- It is indeed a triangle since w = u + v. Moreover, since u 
and V are in (M+)^ \ {(0, 0)}, we know that the angles cah and ahc have values strictly smaller 
than 7r/2. We consider A G M+, and 

A' = A /(a6)(cos + sin 0c) = -^ll^lli- 
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We can apply Lemma ISTTl in the triangle (abc) to obtain for all a £ [0, 1] 

A{X,u + v) = l{ah)l^ 



l{ab) J 



^ 1 / V \\u\\\l 



Since u and v are both in (M+)^ we know that \\w\\i = \\u\\i + \\v\\i, thus we can choose 
= IKIIi/INIIi ^ [0; 1] and 1 — Q = ||-u||i/||u;||i. This ends the proof of Lemma l43l □ 



Lemma 14.31 states a property of convexity for the function A. To deduce from it a 
property of continuity, we need to investigate when A, thus Tg-, is finite. It is well known 
fsee iRossignol and Therd] JioogS)) that Xg(A+) is infinite if A G [0, <5(| cos fl'l + |sin0^|)[ (if 



6 > 0) and finite if^A G]6{\ cos6\ + | sin6'|), +oo[. The only point to study is the behaviour of 
1g{S{\ cos6\ + I sin0|)+). This is the purpose of the following Lemma (which could be stated 
in dimension d > 2 in fact): 



Lemma 4.4. Whatever the value of 5, we have 
ye, I^{6{\ cos e\ + I sin e\)+) < oo ^ 



3e, Jg(5(|cos0| + |sin0|)+) < oo 
^ P(t(e) =5) > 0. 



Proof : First, let us prove that 
P(i(e) =5) > 



ye, M(|cos6i| + |sin6l| 



< oo 



(27) 



Let A be a line segment orthogonal to (cos 9, sin 9) for some f ixed e, and h a height functio n 
satisfying lim„_>oo ^(''T') = +oo. We know (see Lemma 4.1 in iRossignol and Theretl ([ioOgE)) 



that the minimal number of edges J\f{nA,h{n)) of a cutset that separates {nA)^ 
(71^)2^"^'^^^'^ satisfies 



1/2,1 



N{nA,h{n)) 



nl{A) 



008 6*1 + I sin 6*1) 



< 



nl{A) 



from 
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Let e > 0. Let E^ain{n) be a cutset of minimal number of edges. For n large enough, we know 
that l/y/n< e/2 and M{nA,h{n)) / {nl{A)) < (|cos0| + | sin 6*1) + e/(25), and we obtain 

JrJnA^ ^ 1 \ 

I nl{A) ~ V^l 



> 



< (5(1 cos 0| + Ism^l) + - 



> P(VeG ^,nm(n), tie) = 6) 

> P(i(e) = §)^ir^^Mn)) _ 
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Thus for all e > we have 

lg{5{\ cos ^1 + I sin ^1 ) + e) < - (| cos ^| + | sin e\ ) log ¥{t{e) = 6) , 

and we conclude that 

Xg(5(|cos^| + |sin^|)+) < -(|cos^| + |sin^|)logP(t(e) = 5). 

This implies ((271) . We now prove that if for all distribution function G such that inf{x | G{x) > 
0} = 0, we have 

G(o) = =^ ye, jf'(o+) = +00, 



where the exponent [G] stress the dependence of I in G, then for all distribution function F 
on M"*", if 6 = inf{x | F{x) > 0}, we obtain: 

F{6) = =^ V^, ji.^'(<5(|cos^| + |sin^|)+) = +CX). 

6 

Let F be a distribution function on M"^, 6 = inf{x | > 0}, and {t{e)) the family of 

capacities on the edges of distribution function F. Let t'{e) = t{e) — (5 > for all e, t'{e) 
has distribution function G such that infjx | G{x) > 0} = 0, and G(0) = F{5). We denote 
by T (resp. r') the maximal flows corresponding to the capacities (t(e)) (resp. (t'(e))). Then 
obviously _ _ _ 

T{nA,h{n)) > T'{nA,h{n))+5M{nA,h{n)), 

thus for n large enough, thanks to (f28]l . we have 

<5(|cos^| + |sin^|) + e-^^ ^ 




\ nl{A) y/n J y nl{A) 

Thus 

ll^\6{\ cos e\ + \sme\)+) > jFi(o+), 

6 6 
which proves the previous statement. The last thing to prove is that if F is a distribution 
function such that inf{a; | F{x) > 0} = 0, then 

F(0) = P(t(e) = 0) = =^ ye, Tg(0+) = +00. (29) 

We consider such a distribution function F. We want to compare F with a Bernoulli distribu- 
tion of parameter p very close to 1. For a fixed p (as close to 1 as we will need), there exists 
ijip) > such that F{r]{p)) <1— p, because F{0) = and F is right continuous. We denote 
by (t[^l(e)) the i.i.d. family of Bernoulli variables of parameter p indexed by the edges, and 
by t'pI the maximal flow corresponding to these capacities. Then 

T{nA,h{n)) > r]{p)T^P^{nA,h{n)). 

It is proved in section 3 of Theretl ( 20081 ) (the proof is written for a straight cylinder ^ = and 
for the variable (p, but it can be directly adapted to a tilted box and the variable r - notice 
that the factor h{n) disappears) that there exists a constant c such that for all 7 > 



r 



P\nA,h{n)) 1 



nl{A) 



2 



7 



< - < exp I —nl{A) — — lege — log(p + (1 — p)e 



.7^ 
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Thus for any fixed R (very large, thus logc < R), we can choose 7 = 6R, and then p{R) close 
enough to 1 to obtain that log(p + (1 — p)e^^) < R, thus 

f T^p(R)]{nA,h{n)) 1 



\ nl{A) ~ 2^ 
Finally, for any fixed i?, for a fixed e small enough to have e/r]{p{R)) < 1/2, we obtain 
^ f T{nA,h{n)) ^ \ ^ / T[P(^)](nA/.(n)) ^ e ^ 



\ n/(A) y \ nl{A) V{P{R)) J 

thus > -R for such small e, which implies that Xg-(0'^) > ii for all R. This ends the proof 
of equation (f29]) . and thus the proof of Lemma [44l □ 

We come back to the proof of Lemma [42l We recall that ICg^hW = inf{5'A(^) I ^ G ad(2?)}. 
Since is l.s.c^ and adiV) is compact, there exists G ad(P) (maybe not unique) such that 
}Ce,hW = 9x{0x)- If 

Acos(0A-^) < <5(|cos0| + |sine|), 



then 
If 

then 



}Ce,hW = %JAcos(0A-^)+) = +00 = JCeM^-)^ 
Acos(^A -0)> 6{\ cose\ + I sin 0^1) , 



^6i,/i(A ) = lim /Ce,h(A-e) 

e^O, £>0 

e-^0,e>0 cos{ex- 9) ^ 

< / J^JAcos(^A-^)-) 

COs(t^A — ") 

cos[d\ — 6) 

since Xg- is continuous on ]5{\ cos 6*1 + | sin 6*1), +oo[, thus JCg^h{X~) = K,9,hW- We suppose that 

Acos(^A -0) = (5(1 cos^aI + I sin^lA) , 
which is the only non-obvious case, and thus 

^^''^(^^ = ,~ (,5(|cosgA| + |singA|)+). 

COs(t^A — ") 

If F(t{e) = (5) = 0, by Lemma 14.41 we know that the previous quantity is infinite, thus 
}Cg^h{\~) = +00 = ICgji{X). For the rest of the proof, we suppose that ¥{t{e) = 5) > 0. Still 
by Lemma [44l we know in this case that for all 9, 2~((5(| cos 9\ + | sin0|)+) < +00. If A = 6g^h, 
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we have nothing to prove, thus we suppose that A > 6gji (it impHes that A > 0). We suppose 
that the following property V holds: there exists a sequence (^n.)neN such that 



V < 



(i) lim„^oo6'n = ^A, _ 

(ii) Vn G N, 5^£i%W^HLM < A = jU^i^W^HiM 

cos(6*„— 6) cos(9x—9) 



{in) limsup„^^ Jg-^(5(| cos6'„| + I sin6'„|)+) < Jg-^((5(| cos ^aI + | sin6'A|)+) • 
We consider a given r] > 0. For no large enough, we have 

—J -I^ (5(|cos0„J + |sin^„„|)+) < } I^ {6i\cosex\ + \sm9x\)+) + v. 

cos(t^„(, — 6) " cos[0\ — 6) 

Moreover, there exists eo > such that 

I cos 9no\ + \ sin Ono\ . , 

— s A — eo , 

cos(6'„o - Q) 

and for all e < eo, since X-x is non increasing, we obtain that 

^,,^(A-e)<— J -J^ ((A-e)cos(^„3-e)+) 

- — It: ;;T% ((5(|cos^„o| + |sin^„J)+) 

cos(6'„(, - 61) 

< — i -Jg (5(|cos^A| + |sm^A|)+)+r/ = -^e,h(A) + . 

COS(0A — ^) 

We conclude that K,e^h{^^) < A^6»,h(A), so K,e^h{^~) = K,e,hW, and this ends the proof of 
Lemma 14.21 

The last thing we have to do is to prove the property V. Obviously, property (ii) is linked 
with the monotonicity of the function 

^ ~ I cos 6\ + I sin 9\ 
T : ^ 



cos{e - 9) 



If 9 £ {/c7r/4| k E N}, we will prove in the next paragraph, see Lemma [4?5l that lCe,h{^) = 
X0(A^); since it is obvious that in this case 5e,h = 5, the continuity of K,e,h possibly except 
at 50^h is already known. We suppose that 9 ^ {k'K/A\k E N}, and by symmetry we can 
suppose that 9 g]0, 7r/2[\{7r/4}. It is obvious (see the factor cos{9 — 9)~^) that for all 9 € 
[9 - tt/2,9 + 7r/2] \ [0,7r/2], we have T{9) > inf p^^/g] T, so argminT G [0,7r/2]. Similarly, 

9x G [0,7r/2] too. For all 9 £ [0,7r/2], we can write 

~ cos + sin l + tan0 

r(t') 



cos {9 — 9) cos + sin tan ^ 

We deduce from this equality that F is strictly monotone on [0, 7r/2]: strictly increasing (resp. 
decreasing) if^ g]0, 7r/4[ (resp. 9 s]7r/4, 7r/2[ ), and thus argmin F = (resp. argminF = it/2). 
We consider the case 9 G]0,7r/4[, the study of the case 9 E]7r/4, 7r/2[ being similar. We know 
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that Ox G]0,7r/2], because Ox = implies that A = 5e,h, and we excluded this case. Thus 
we can consider a^trictly increasing sequence {On)n£N such that On G]0, 7r/2[ for all n and 
(i) : lim„,^oo = Ox is satisfied^ Since F is strictly increasing on [0,7r/2], we know that such 
a strictly increasing sequence (^n)nGN satisfies the hypothesis (ii). To prove that (in) also 
holds, we need Lemmas 14.31 and |4.4[ The function 

As : vi-^ A{6, v) 

is finite on (M+)2\ {(0, 0)} on the hypothesis F{5) > we did (see Lemma |44|) . and it is convex 
(see Lemma l43]) . so^it is continuous on the interior of (M"*")^ \ {(0,0)}. If Ox / '/r/2, it^ proves 
{in). We suppose = t^/'2. Let u = (0,1), u„ = (l/tan0„,O) and Wn = (l/tan0„,l) = 
u + Vn- By equation ((26]) for A = 5 we have for all n G N 

-^Tq m cos^nl + I sin^„|)+) < 2-,/2(<5+) + —^lo{5+) , 
sin On " tan On 

and sending n to infinity we exactly obtain (iu), so the property V is proved. □ 

We prove finally the property stated in Remark 12.101 in fact a property a little bit more 
general: 

Lemma 4.5. If e {k7r/4 \ k £ N}, then 

^e,h = Je ■ 



Proof : We fix a ^ £ |fc7r/4 | k G N}. We know that ug = rjg ^ for such a (see Remark 2.11 in 
Rossignol and Theretl ^QM)), so it is sufficient to prove that 



VA>0, /Ce,ft(A) = Te(A+) . 
Since £ ad('D), it is equivalent to prove that 

yX>0,yde[0-TT/2,0 + 7T/2], Xe(A+) < i Ig{Xcos(0-0)+). 

005(6* — 0) 

Let €]0 — tt/2,0 + ir/2[. We use the same notations as in Lemma ISTTl We consider the non 
degenerate triangle (abc) such that Oc = O + tt (so cyl^{n) is a straight cylinder in the case = 
0),0b = max{0,20-0), Oa = mm(0,20-d), l{ab) = 1 and l{ac) = l{bc) = {2cos{0-0))-\ Since 
the graph is invariant by a symmetry of axis ((0, 0), (cos 0, sin 0)) (respectively ((0, 0), (1, 1))), 
we know that Xg- = Ig^ (respectively 1^ = Ig). Then Lemma ISTTl applied with a = 1/2 states 
that for all A > 6, ' 

T,(A+) < i I^{Xcos{0-0)+). 
cos[0 — 0) 

The inequality remains obviously valid for G {O+ir /2,0 — t: /2} , since we have seen in Remark 
13.31 that the right hand side of the previous inequality equals +00 in this case. This ends the 
proof of Lemma 14.51 □ 
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4.2 Lower bound 

We have to prove that for all open subset O of M+, we have 

1 



liminf 
n^oo nl{A) 



log] 



nliA) 



G O 



> - inf /Ce,h(A) . 



Classically, it suffices to prove the local lower bound: 



Va G 



Ve > 



liminf } 

n^oo nl{A) 



logP 



nl{A) 



S \a — e,a + el 



> -ICg,hia) . 



(30) 



If K,e,h{o) = +00, the result is obvious, so we suppose that lCe,h[o) < +oo. For all r/ < e, we 
have 



lim inf —rr-rr 

n^oo nl{A) 



logi 



nl{A) 



G \a — e,a + e\ 



1 



> liminf 

n^oo n/(^) 



log P 



nl{A) 



< a + 7] 



nl{A) 



< a — e 



(31) 



Prom the strict decreasing of fCg^h (see Lemma [3^ . we deduce that for all a G M.~^ such that 
^e,h{o) < oo, for all positive r/ and e, we have 

1 _ . ,T 1 



inf 



-Jg-((a + r/) cos 



6»ex> cos(0 — 6*) 
Indeed, for all positive rj, we have 

1 



< inf 



mf ■ 

eev 005(6* - 6) 



eev cos{9 — 9) 
I^{{a + rf) cos{6 - e)~) < K,e,h{a) < lCe,h{a-e 



iMa - e) cos(^ - 6)+) . (32) 



Then thanks to (|T0]) . ([18]) and (|32]) . we know that the second term in the sum appearing in 
(f3T]l is negligible compared to the first one, so we obtain that 



lim inf J 
n— >cx3 n<(j4j 



logI 



nl(^) 



G a — e, a + e 



> - inf 



eGf cos 



> — inf lim 



-iMa + T]) cos{e-e)-) 



-J^((a + r?) cos (6) - 0) - e') . 



Sending rj to zero, we obtain that 



lim inf , ,V, 

n^oo n/(Aj 



logI 



nl{A) 



G [a — e, a + ej 



1 



-J^((a + r/) cos{6-e)-e') 



> — lim inf inf lim ■ 

v^o eeve'^o cos{e -9) 

> — mf lim lim — + rj) cos{9 — 9) — e') 

9£VV-*0e'-^0 COs{9 - 9) 



> - inf 



1 



eev cos( 

and so the local lower bound is proved. 



-J^(acos(0-e)+), 
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4.3 Upper bound 

4.3.1 Upper large deviations 

To handle the upper large deviations, we shall use the following result: 

Lemma 4.6. Let A be a non-empty line-segment in M^, with Euclidean length 1{A). Let 
G [0,7r[ be such that (cos 0, sin 0) is orthogonal to the hyperplane spanned by A and /i : N — > 
M+. We suppose that (HI), (H2), (F2), (FHl) and either (F4) or (H3) hold. Then for all 
^ > Vd.h we have 

1 



nl{A) 



log] 



nl{A) 



> A 



-oo , 



(33) 



In fact, we have a stronger result, if F admits an exponential moment: 



Lemma 4.7. Let A be a non-empty line-segment in , with Euclidean length 1{A). Let 6 £ 
[0, 7r[ be such that (cos 0, sin 0) is orthogonal to the hyperplane spanned by A and /i : N — > M^. 
We suppose that (HI), (H2), (F2), (FHl) and (F4) hold. Then for all A > rjg^h, we have 



lim inf ,, ^.^ , , 
n— >oo nl[A)ri[n 



■\ogF[(l){nA,h{n)) > Xnl{A)] > 0. 



The upper large deviations are thus of volume order. 

Obviously, Lemma l477l implies Lemma 146) in the case where the condition (F4) is satisfied, 
since lim„_,oo /i(f^) = +oo by (HI). We do not present a complete version of th e proof of 
Lemma l477l it is simply a modification of the proofs of Theorem 2 in Theretl ( 2007 ) ( the par t 
concerning the positivity of the rate function, section 3 .7) and Theore m 4 in iTheret (i2009bl ). 
and it can be found in Part 3, Chapter 6, section 5 of Theretl (j2009al ). The common idea of 
these proofs is the following. We consider the cylinder cyl{NA, h{N)), and divide it into slabs 
of height 2/i(n), i.e., translates of cyl{NA, h{n)), for n a lot smaller than N. If (f){NA, h{N)) 
is big, it implies that the maximal flow from the top to the bottom of each slab is big too, 
and we have of order h{N) such slabs for a fixed n. It implies roughly that 



F[(P{NA,h{N)) > XNl{A)] " < "F[c^{NA,h{n)) > XNl{A)f''^^^ , 



(34) 



for some constant p. We divide then each slab into disjoint translates of cyl(nyl, /i(n)), and 
we can compare the maximal flow from the top to the bottom of the slab with the sum of the 
variables into these small cylinders. Roughly speaking, we obtain that 



'[(P{NA,h{n)) > XNl{A)] " < " 



j;<> AiV/(^) 



Under the hypothesis (F4), Cramer's Theorem in M states that IP[X]i''"n ^ AA^/(^)] decays 
exponentially fast with N for any X> I'g = liiRn^oo t^/ {nl { A)) ^ thus we obtain that 

F[(l){NA,h{N)) > XNl{A)] < p'e-P"'^W^'(^) , 

for other constants p' and p" . The only adaptation we have to do is to take into account the fact 
that under hypothesis (FHl), the limit rje^h of (piNA, h{N)) / {Nl{A)) is equal to u^^/ cos{9o — 

0) for some ^o- Thus we divide cy\{NA, h{N)) into slabs orthogonal to v{Oq) instead of slabs 
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orthogonal to v{9). Thus we compare (l){NA,h{N)) with h{N) sums of Nl{A)/ cos{9o - 9) 
terms equal in law with Tn{9o), the maximal flow from the upper half part to the lower half 
part of the boundary of a box of size n x h{n) oriented towards the direction ^o- We conclude 
again thanks to Cramer's Theorem in M. 

If (F4) is not satisfied, we cannot use Cramer's^ Theorem. However, we can perform the 
division of cyl{NA, h{N)) into slabs orthogonal to 6*0, and thus obtain an equation very close 
to ([34}: 

P [(p{NA, h{N)) > XNl{A)] " < " P [r^^„ > XNl{A)Y^'-^^ , (35) 

where „ is the maximal flow from the upper half part to the lower half part of the boundary 
of a slab. Thus, if (H3) holds instead of (F4), equation (f35l) leads to the conclusion of Lemma 

SSI 

Remark 4.8. The hypotheses (H3) or (F4) may not be optimal, but a simple example shows 
why we need such kind of hypotheses. We consider that the capacity of an edge is distributed 
according to the Pareto law of parameters p and 1, i.e., the probability that an edge has a 
capacity bigger than t > 1 is equal to . We consider the rectangle A = [0, 1] x {0}, and the 
maximal flow (l){nA,h{n)) from the top to the bottom of the cylinder [0,n] x [—h{n), h{n)]. If 
all the vertical edges {ei,i = 1, ...,2h{n)) (we suppose h{n) G N for simplicity) in the box that 
are included in the segment {1} x [—h{n),h{ri)\ have a capacity bigger than An for a fixed X, 
then <f){nA,h{n)) is bigger than An. We obtain: 

P [(pinA, h{n)) > An] > P [V? = 1, 2h{n) , t{ei) > An] > (An)-^^''^") . 

If h{n) log n is not large compared to n, in the sense that h(n)\ogn/n does not converge 
towards +oo, then equation is not satisfied. 



4.3.2 End of the proof of Theorem [279] 

For this last section, we impose (HI), (H2), (Fl), (F2), (FHl), (FH2) and either (F4) or 
(H3). Let JP" be a closed subset of M"*". We want to prove that 



n— >oo 



log I 



nl{A) 



< 



inf }Ce,h{X) . 



If r]g h belongs to T, then according to Corollary 12.51 we know that 



lim P 

n^oo 



nl{A) 



and so 



log] 



nl{A) 







inf Ke^hW 



because fCg^h is non-negative, and K,e,h{fle,h) = 0. Let us suppose tha t t?^ ^ does not belong 
to J^. T he following proof is similar to the one of the upper bound in iRossignol and Theret 
(|2Q09bl l. We define /i = sup(jF n [O,r/0 /i]) and /2 = (infjFn [ryg /i, +oo[). We suppose here 
that T r\ [0,r7e^/i] and JT n [rj0^h,+Qo[ are non empty, because it is the most complicated case 
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(if one of these two sets is empty, part of the following study is sufficient). Since T is closed, 
we know that f\ < rjg^h and /2 > rjg^h- Then 



nl{A) 



logP 



nl{A) 



< limsup 



nl{A) 



log 



nl{A) 



+ 



nl{A) 



On one hand, by (fTSl) . we know that 



1 



limsup— --log P[</.„</i 71/ (^)] < -ICeMfi)- 

On the other hand, if we refer to Lemma 14.61 we know that 

1 



limsup log P > f2nl{A)] = -oo . 



IflCg^hifi) = +00, we have 



lim sup 



nl{A) 



log] 



nl{A) 



-oo = -inilCg^h, 



because ICo^h is infinite on [0,/i] {JC'q is non-increasing) and on [/2,-|-cxd[, so on JT. If 
K-e,h{fi) < oo, we have 



n— »oo 



log] 



n/(A) 



< -^e,h{fi) = -inf/C0_/,, 



because ICg^h is non-increasing on [0,/i] and infinite on [/2,-|-oo[. So the upper bound is 
proved. 
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